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A STUDY OF H-ORTHOGONAL OF TYPE I MATRICES
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ABSTRACT

In this paper, we introduced new types of matrices. We called them horthogonal of type I matrix depend on h-transpose and
h-orthogonal. We discussed the properties of these matrices such as, their eigenvalues and determinants. These matrices preserve
the length and the inner product.
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1 Introduction !@ 4 ?]

Example 2.2 A = _
I 4 -1 5

h-orthogonal of type [ is important type 5 7
of matrices depend on h-transpose . A= —1 4
it is a generalization of h-orthogonal 4 ©

matrices and have important proper-
ties can apply in important fields such
as image processing | data nuning and

Theorem 2.3 [1] If r is a scalar and
A and B are matrices of an appropri-
ate size, rhfn'

enginering . In this paper, ||||, det, (1) (A1) —

<, >. A" and A% means that norm, de- ’ . r\

terminant, inner product, h-transpose (2) (41T = (aT)

and conjugate h-transpose respectively. (3) (A)" = (Ah).

p) j -

2 Materials and Meth (4) (A+B)" = A" + BT,
ods:

(5) (AB)" = B"A".
Remark 2.1 /2] If F is a square ma-

trix and [ is a nonnegative integer , (6) (r‘A]l}" — ;AP
then ghy—1 ~1yh 3
7) (A = (A )" ifder(A 0.
o(FT) = (FI)T. (7) (A%) ( f der(A) #
o(F)t=(F 1) (8) (A™)" = (A", n=2,3,4,.
Definition 2.1 [I] Ler A = [a;j] be a Theorem 2.4 [I] Ler A € My..»(C)
m x n matrix. The h-franspose of A rhen
is defined by A" is n x m matrix such (1) der(A) = der(A") = der(AT) = der((AT)").
that A" = [a"] =[a(mi1— 1\ms1_i
=12 la m] j[— intl JII;;+1 !"]”m (2) A and A" have the same eigenval-

ues.
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Remark 2.5 [1]Let A€ My .»(C), A% = 3.1 The Index of h-Orthogonal
(A)" = (Ah). of Type I

Theorem 2.6 [1] Let A € My.»(C) Definition 3.2 Let A be an h-orthogonal
then ' ) S s of tvpe I matrix.The smallest positive

integer k with AF(AMF = L, is called
the index of A. In such case, we say
that A is an h-orthogonal of rvpe I of
period k. Or k— period of h-orthogonal
of tvpe I matrix.

(1) (4%)° =4
(2) (A+B)? =A% 1 BY.
(3) (AB)? = B94°.

7
(3) (ﬁ(Ajﬂ —7AY FecC. Example 3.2 Let

(Vi0 0 ]
(5) (AM® = (A" n=2,3,.... A= 101 0
| 0 0 —/i|
Definition 2.2 [1] A mamix A € Myxn(C) Vi 0o 0 ]
is called an h-orthogonal matrix if AA" = Then A" = 01 0
In. This means thar A~ = A" | 0 0 —/i|
i 0 . —1 0 0
Example 2.7 A = [ E: 1/2i } is h- k=1A4" = 0 1 D_
e 0 0 —i
orthogonal marrix. -
-1 0 0
F=24°4"° = | 0 1 0
3 Results 0 0 -1
Definition 3.1 A matrix A € My.»(C) 3 1 00
is called h-orthogonal of tvpe I if AF(AT)F = k=3,A7A4")7 = 010
I, for some k € N. | 00 7 |
(1 0 0]
Vi 0o 0 k=44%4a"* = [0 1 0
Example 3.1 #A=| 0 1 0 00 1
~ L _
0 0 —vi T 0 0
g—| 1 O F=5.4%4"° = | o 1 0
A ld El h-orthogonal o
. A and B are h-orthogonal of npe | | " 10 o
2 1] . F=6,4A%4M° = 01 0
o = 1 3 15 not 0 0 —1

h-orthogonal of tvpe I matrix.
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i 00
F=7.A"4M = o1 0
|00 1
(10 0]
F=8.4%4"° = {010
001

The index of A is 4. AM(AM)m =
L,m=4,8,12,..., and A is of period 4.

Theorem 3.3 If A is an h-orthogonal

of tvpe Imatrix with index k, then rfc‘f{_:l;" )=
+1.

Proof:

Let A be an h-orthogonal of npe
I matrix with index k, then A¥(A")* =
In.

L O R
2.
N

3.2 Inverse of h-Orthogonal
of Type I

Theorem 3.4 If A is h-orthogonal of
rvpe I matrix with index k, then ir is
invertible with

Proof:

suppose that A is h-orthogonal of
tvpe I matrix with index k.

Then AK(AMF =1, .
this equivalent to

[A.i'c}—l — {AE:]I:

— {A—ljl.{' — [Ah]l’
Multiplying by AF" 1 = A~ A 1)1 = (4h)F

Henee
41— ;1Ic—1Hh}}:

O

Theorem 3.5 Let A € My (C) , then
the following statements are equiva-
[ent:

(1) A isanh-orthogonal of hpe
I mamix.

(2) Al isam h-orthogonal of
fvpe I marrix.

(3) AT is an h-orthogonal of
rvpe I marrix.

(4) A" isan h-orthogonal of npe
I'marrix.

(3) A isanh-orthogonal of npe
I matrix.

(6) A" is an h-erthogonal of
rvpe I marrix.

(7) A% is an h-erthogonal of
rvpe I marrix.
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Proof:

(1=2)

suppose that A is an h-orthogonal
of tvpe I matrix.

so AKAMX = I, for some k€ N

= (A (AN = (5!

(A 1)Ha- 1=,
Hence A~ is h-orthogonal of nvpe
I marrix.
(2=3)
suppose that A=Y is an h-orthogonal
of tvpe I'matrix

so (A"HF((A™Y))E =1, for some
keN

(4@ =1,
(a"*a") =1
{{Ah)k&k)r - II
@Y =1,
@@ =1,

b4 el

Hence AT is an h-orthogonal of
tvpe I matrix.

(3=4)

suppose that AT is an h-orthogonal
of tvpe I marrix.

so (AD)F((AT)M)* = I, for some
ke N

= (AT)F((aT))F =
= (ANF@ANMF=1,
= (@)@ =5

Hence A™ is h-orthogonal of npe
I matrix.
(4=35)

suppose that A is an h-orthogonal
of tvpe I matrix.

so (A*)X((A*)")* =1, for some k €
N

= (@) (@MY =5

= ((A")HT((A)5T =1,
= (A"@)* =1

Hence A is h-orthogonal of tvpe I ma-
ITix.
(5 = 0)

suppose that A is an h-orthogonal
of ype I matrix.

so(A)*((A)")* = L, for some k €
N

L ey

Hence A" is h-orthogonal of nvpe
I matrix.

(6=7)

suppose that A" is an h-orthogonal
of type I matrix.

so (AMF((AMME =1, for some k€
N

= (AM*af =1,

= ((AM*ah)® :I,‘:‘
= (A?)k((aM)F)P =
= (AYM@HMF=
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Hence A? is h-orthogonal of tvpe I ma-
IT1X.
(7=1)
suppose that A is an h-orthogonal
of nvpe I matrix.
so (A% ) ((A?YE =1, for some ke
N
= ((@)X(@h° =1
= (@9 (@"H° =5
= {A]ktﬁh]k =1

Hence A is h-orthogonal of rvpe I ma-
ITIX. O

Theorem 3.6 A matrix A € Myyxn(C)
15 h-orthogonal of type I if and onlv
if A™ is h-orthogonal of tvpe I matrix
for eachm € N\ {1}.

Proof:

suppose that A is an h-orthogonal
of tvpe I matrix.

50

AF(AMF =1, for some k € N
= (45" = (5)"
= (AP =1,

Hence A™ is h-orthogonal of npe I
Mmarrix.

Now, suppose that A™ is h-orthogonal

of tvpe I matix of index k for each
m € N\ {1}, specially, each of A> and
A’ is an h-orthogonal of tvpe I matrix
of index Ik .

So.

N In :Ak{‘éi)k{{ﬂijh}k{f&h}k

So A¥(AMF =1, for A% is h-orthogonal of tvpe 1

Hence A is h-orthogonal of rvpe 1
matrix of index k. O

Theorem 3.7 If A is an h-orthogonal
of nvpe I matrix of index k, then each
of:lr, AL E,A}EAH and A" is h-orthogonal
of npe I of index k.
Proof: (1) Suppose that A is an h-
orthogonal of nvpe I marrix of index
k,then A" is h-orthogonal of nvpe I ma-
trix with ind(A") < k [3.3]

Now, suppose that

nd(AM =k—m, 1<m<k

So [ﬁhjlk_mr'-lk_m — 7

Then ind(A) = k—m which is a
contradiction

Hence ind(A") =L

(2)By [3.3] A? is an h-orthogonal
of nype I matrix with ind(A®) < L.

suppose that ind (A%) =k —m,1 <
m < k.

Then

(A (@t =1
= (A%Fm@EfF =1
= (@)@ =1
Taking the conjugate of both side:
= (AMFmARm =

Thus ind(A) =k—m whichis a
contradiction
Hence ind(A%) =k
Similarly with respectto A1, A* AT
and A. O
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Theorem 3.8 If A is h-orthogonal of
rype I then (A™)T is h-orthogonal of
rvpe I marrix.

Proof:
suppose that A is h-orthogonal of

rvpe I matrix, then A? is h-orthogonal
of tvpe I [Theorem3.3|]

So (A ((A®Y¥ =1L, for some ke N

U
e, e
s
=

=1
e e e e

=
e ]

Hence (A")T is h-orthogonal of tvpe I
Marrix. O

Theorem 3.9 If (A")T is h-orthegonal
of tvpe Imatrix , then (A®)T is h-orthogonal
of tvpe I matrix.

Proof: suppose that (A")T is h-orthogonal
of tvpe I matrix, then

(AMDF(AMTYE =1, for some k€N

= ((A")T)R)F(AMT)E =T,
= (((am)T)r)E)(((amT)x) =1,
= I:I:H*’}T}h)‘fu Ok =1,

Hence (A%)T is h-orthogonal of tvpe I
Marrix. O
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Theorem 3.10 If A is an eigenvalue
of an h-orthogonal of rvpe I matrix A
with index k, then A is of modulus 1

Proof: Ler A be an h-orthogonal of
rvpe I martrix with index k, then

AF(AMF =,

— [Ak}—l _ [Ah]k — {Ai’]h
Since A is an eigenvalue of A, then
A¥ is an ecigenvalue of A¥ and 1/A*
is an eigenvalue of (A¥)1 and (A%)"
is eigenvalue of (A%)" [22]
Since A and A™ have the same eigen-
values[ 2.4|], then

AF=1/AF

Then |(AF)?|=1
[AF]= AJA].|A[ =1
e, e
(2k—times)

Since |A| > 0 and real number then
we must have

[Al=1

Theorem 3.11 IfA, .y is an h-orthogonal
of tvpe I, then it preserves the inner
product in the eigenvectors subspace.

Proof: Ler A be an eigenvalue of A
and x and v be an eigenvectors corre-
sponding to A.
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then
Av=Ax

and
Ay =12

So <AxAv>=<Ax,Av>
— AL <x,y>
= A <xv>
=< x,v > [Theorem3.10]

O If Anwxn is an h-orthogonal

of tvpe I, then it preserves the length
in the eigenvectors subspace. Proof:
Let A be an eigenvalue of A and x be
an eigenvector corresponding to A.

< AVAY =< xx > [ﬂrcm‘cnﬁ.ll}

2 2
A" =[]
||Ax]| = []x]]-
O

Theorem 3.12 IfA and B are rwo com-
mute h-orthogonal of type I marrices

of index k , then AB are h-orthogonal

of tvpe I matrix.

Proof: since A and B are h-orthogonal
of nipe I matrices, then A¥(AM)F = I,
and B¥(B")* =1,

= (AB)*((4B)")* = (AB)*(B"A")*
_ A.I:B.i:(Bh}k(Ah}k
— AF(ahyE
= I,

Hence AB is h-orthogonal of rvpe I
THAarrix.
If A and B have different indices,
then [3.12]] sarisfies :
Let A and B be h-orthogonal of
tvpe I marrices with indices &y and ko
respectively, then (AB)*((AB)")* =1,
where k is least common multiple of
k1 and k.
O

Remark 3.13 The condition of com-
miite is necessary to make [3.12|] truee.

Example 3.14

i 0 i -1 01,.
a=lo O )m=[) O ]an=] 1 0 ]n

A and B are h-orthogonal of rvpe I
N

1 0
(4B)*((4B)")* = [ 4 }

mm%vwﬁnﬂz{fﬁf}
0]

1 0
—(2k) 1

(AB)*((4B)™)*

(AB)*((AB)")F = l } £, forevervk
Remark 3.15 Every h—orthogonal ma-

trix is h-orthogonal of rvpe I matrix,

but the converse is not true.

Remark 3.16 If A and B are rwo h-
orthogonal of type I matrices with in-

dex k ,then A+ B need not be h-orthogonal
of npe 1
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Example 3.17

.10 0
‘—1_[{: —;']ﬂndﬂ_[j —rl

are h-orthogonal of rvpe I matrix of
indexky =1,k =2

20
(A+B)" = - ?}

L 1 21

| S

B+ = | 4}

3, m2 16 0
(A+B)“((A+B)") = 0 1{)]

3c, w3 |64 0
(A+BP((A+B)")? = o4 m]
a70, ma | 2% 0
(A+B)*((A+B)")" = 0 2%

2% 0
(A+B)*((A+B)")k = [ 2k 52k }
for kis odd

2k 0
0 _;.:Zk

(A+ B ((A+B)" )k = [ -
forkis even
Then (A+B)*((A+B)")k # I, for any
ke N.

So A+ B is not h-orthogonal of

k ﬁﬁ’ I marrix.

Remark 3.18 If A is h-orthogonal of
rvpe I marrix and ¢ is a scalar, then
cA need not be h-orthogonal of rype .
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Example 3.19 A= [ ; ﬂ_ } is h-orthogonal

of tvpe I matrix with index k= 2. | let

c=2

= i —D_’-'zl
(ca)" = _; Sz}
() eay = | 3 ﬂ

(cAP((cA))? = :l,f' H
@@ = [ 5
@t = |70 %)
(cA)E((cA)P)E = :3;;} ﬁ:} for k is odd
(cA)*((cA))* = _f fk}.farirr'sm'm

Then (cA)F((cA)")* # LYk € N.
So 2A need not be h-orthogonal of
rvpe I matrix.

If A is a normal matrix, then A" is nor-
mal. Proof: Suppose that A is a nor-
mal matrix then A"A = AA”.

-, :‘lh(rlh}* — r"lh[fl*]h
= (474)"
= (A47)"
_ {;1* }.ﬁ‘;ﬂr — {Ah]*:lh
Hence A" is normal 0 If
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A is a normal matrix, then AH 15 nHor-
mal. Proof: Suppose that A is a nor-
mal matrix then ATA = AA".

— AH{AH}* _ AH [A*::IH
— (A*A)°
= (44%)°
— [4-1*}83'18 — {AH)*;{H
Hence A is normal O

Theorem 3.20 Ler A is h-orthogonal
of vpe I .

1— If AA = AA, then AA and AA
are h-orthogonal of nipe L

2—If A normal then AA™ and A™A
are h-orthogonal of npe L

3-IfAAT = ATA then AAT and ATA
are h-orthogonal of npe L

4—IfAA® = A9A then AA® and APA
are h-orthogonal of nipe L

Proof: (1) Suppose that A is h-orthogonal
of vpe I matrix with index k and AA =
AA

(AA)F((AA)")k = (A4)*((A)"(4)")F

= AT (@) "

= AR, (A"

= I,
Hence AA is h-orthogonal of rvpe I
Marrix.

similarly thar AA.

(2) Suppose that A is normal h-

orthogonal of type I matrix with index
k By [Lemmd3|], A" is normal,

So A"(A%)® = (a")*4"

(AA™)F((AA")")F = (AA")F((A™)ral)*

y k[‘;l*)k[{ﬂ*]h}k[‘qh}k
= AL, (AM)F
— AfaMF =1,
= (A5 ((aa")") =1,

Hence AA™ is h-orthogonal of ripe I
Mmarrix.

similarly that A™A.

(3) Supposethat A is h-orthogonal
of type I matrix with index k and AAT =
ATa

(ATAYR((ATA)"YF = (ATA) (4" (7))

Hence AT A is h-orthogonal of nipe
I marrix.

similarly that AAT .

(4) Suppose that A is h-orthogonal
of type I matrix with index k and AAY =
A%4.

(AA4%)F((AA®)")F = (4A®)F((a%) A"
= AfpaMr =1,
= (A4°)((aa®))F =1,

Hence AA® is h-orthogonal of rvpe 1
Marrix.
similarly thar A’A O
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Theorem 3.21 IfA be h-orthogonal of
rvpe I matrix with index k and AA™ =
A"A then AA™ is h-orthogonal of tvpe
I marrix.

Proof: Suppose that A is h-orthogonal
of nvpe I matrix with index k

(A5 (@7 = (@A (A @)

= (A @naf(@h*
= @A L(@"*
= AYA" =5

Hence AA" is h-orthogonal of rvpe 1
marrix O

Theorem 3.22 IfAis h-orthogonal of
rvpe I matrix with index k and A*A" =
A"A* then A*A" is h-orthogonal of ripe
I'matrix.

Proof: suppose thar A is h-orthogonal
of rvpe I matrix with index k

(A*APYE((A*AM)PYE = (A*APYE(A(A*)P)*

= (AT)FamfaF(@nh*
= (A
= 1,
— {‘FVAF:].I:{{AwA?:]h).{' =1,
Hence A*A" is h-orthogonal of vpe
I'matrix. O
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Theorem 3.23 IfAAT is h-orthogonal
of rvpe I matrix with index k and A is
svmmetric, then A is h-orthogonal of
rvpe I matrix.

Proof:

Suppose that AAT is h-orthogonal
of tvpe I matrix with index k.

To prove AAT is h-orthogonal of
npe I marrix,

(AAT)F((AAT)E =1,

= (A4)F((a4)")F =1,
= {*’ij{{ﬂzjh}k:‘rn

. . 2 2
for A is symmetric = A¥(AM)F =,

Hence A is h-orthogonal of rvpe I ma-
[T, O

Theorem 3.24 IfA is h-orthogonal of
tvpe I matrix with index k and A"A* =
A*AM | then (ARA*)F is unitary.
Proof:

Suppose that A is h-orthogonal of
rvpe I marrix with index k, to prove
(APA™)F is unitarv:

(APA")F) (A7) = ((4a7))F(ama")!

G GORACT Y
= AN AR an
— AK((AT)hAT )R (Al
_ Akjn{‘_lhjk

I,

Hence (A"A*)F is unitary marriv. O
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Theorem 3.25 IfAA* is h-orthogonal
of tvpe I matrix with index k and A is
Hermitian matrix, then A is h-orthogonal
of type I matrix.

Proof:
Suppose that AA™ is h-orthogonal
of tvpe I matrix with index k

Then (AA®)*((4A" )" =1,

= (A4)"((aa)")* =1,
= [Aj]k“fijjh)k =1
— Aik[f__lir]Zk — In

Hence A is h-orthogonal of type I ma-
Irix O

Theorem 3.26 IfAis h-orthogonal of
tvpe I matrix with index k and ATA" =
ARAT then (A"AT)F is orthogonal.

Proof: Suppose thar A is h-orthogonal
of vpe I marrix with index k, ro prove
(A"ATF is orthogonal:

((APAT)R)T (APAT)F = ((A"AT)T)H(AAT)F

(A" T)F(aTAm

— Akl{[ﬁrjh)k[ﬂr}k(f{k}k
= AFL,(AM)F

= I

Hence (ATAMY is orthogonal matrix.
0

4. Conclusion

h-orthogonal of type | matrix is a generalization of the
h-orthogonal matrix.These matrices are invertible and its
eigenvalues are of modulus 1.Every h-orthogonal of type I
matrix A of index k induces a set of h-orthogonal matrices.

REFERENCES

1. Abed al-Hamza M. Hamza and Hussein A.Hussein,
"Construction New Types of Matrices”, International
Journal of Mathematics Trends and Technology,
ISSN:2231-5373.

2. Kolman B. ,Linear Algebra, 9th Ed. , Printce-Hall,
2008.

INTERNATIONAL EDUCATIONAL SCIENTIFIC RESEARCH JOURNAL

96




